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are considered as Bogolyubov transformations of creation and annihilation operators. However, in this approach one 
can not obtain an explicit form of the Dirac gamma-matrices. 
The mathematical apparatus of the superalgebraic representation of the algebra of the second quantization of spinors 
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of such densities. A superalgebraic form of the Dirac equation and the vacuum state vector are constructed. It is 
shown that in the superalgebraic form of the complex Clifford algebra the generators corresponding to the Dirac 
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Modern relativistic theory of the second quantization of fermion and boson fields is based 
on the use of the mathematical apparatus of C*-algebras [1,2] and Lie superalgebras [3]. In this 
case, for fermions, the Lorentz transformations are considered as Bogolyubov transformations of 
creation and annihilation operators [3]. However, in this approach one can not obtain an explicit 
form of the Dirac gamma-matrices. 
In [4, 5] the author proposed a superalgebraic representation of spinors and Dirac 
matrices, which makes it possible to give a unified algebraic interpretation to the spinors and 
Dirac matrices. However, in the second quantization method, two terms correspond to birth 
operators, and two terms correspond to the annihilation operators, and they are differently 
transformed under Lorentz transformations. In [4, 5], this distinction was an external condition 
that does not follow from the algebraic nature of the spinors. 
In the framework of the superalgebraic approach, when using Grassmann variables αθ  
and derivatives with respect to them αθ∂
∂
, at rest, the birth operators are naturally considered 
operators of multiplication by Grassmann variables αθ , and the annihilation operators are 
derivatives with respect to them αθ∂
∂
. 
Let us consider infinitesimal rotation operators µν
µν ωdiG
e  with generators µνG  that take 
one spinor state vector to another spinor state vector. With them, the state vector Φ  is 
transformed as Φω+=Φ=Φ µν
µνωµν
µν
)1(' diGe
diG
. 
Denote µν
µν ωdG  by dG . The law of transformation of an arbitrary operator T  acting on 
the spinor state vector Φ , and in doing this, again transforming it into the spinor state vector, 
neglecting infinitesimal higher order, will be 
TdGiTdGiTeTeT idGidG ),*][1(],[' +=+== − , 
where * denotes the place to which you want to substitute the operator on which the 
transformation operates. If it consists of the product of several operators, then each of them is 
transformed according to the same law: 
Proceedings of International Scientific Meeting - preprint 
Physical Interpretations of Relativity Theory – 2017. Moscow, 2-6 July, 2017. 2 
Φ++++=Φ+ )1])(,[])...(,[])(,[(...,*])[1( 221121 dGiTdGiTTdGiTTdGiTTTTdGi mmm .       (1) 
It follows from (1) that if there are generators of Lorentz transformations for state 
vectors, operators that preserve the spinors by spinors are transformed by means of commutators 
with these generators. Since in the second quantization the solutions of the Dirac equation are 
treated as operators, they must also be transformed by such commutators. The Lorentz 
transformation causes a simultaneous change in the basis for all factors, acting on each of them. 
We denote such operators *],[A  by Aˆ . An operator *],[ˆ AA =  is simply a Lie derivative 
(commutator) acting on operators. 
The formula for finite angles of rotation is obtained by integrating infinitesimal 
transformations: 
''...'...' 2121 m
iG
m
iGiGiGiGiGdGidGi TTTeTeeTeeTeTeeT ==∫∫= −−−
−
,                            (2) 
where ∫= dGG  and 
iG
r
iG
r eTeT
−='  for each r . Note that (2) can be written in another form: 
''...'))...(()(' 21
,*][
2
,*][
1
,*][,*][
mm
dGidGidGidGi
TTTTeTeTeTeT =∫∫∫=∫= . 
In this case, the parentheses limit the scope of the operators ,*][dG . Denoting 
∫== ,*][,*][ˆ dGGG , we obtain 
''...'))...(()(' 21
ˆ
2
ˆ
1
ˆˆ
mm
GiGiGiGi TTTTeTeTeTeT === . 
Variables θ  and derivatives 
θ∂
∂
 are operators, so for infinitesimal transformations in 
accordance with (1) they must be transformed as 
θω+=θ µν
µν ])*,[1(' diG   
and 
 
θ∂
∂
ω+=
θ∂
∂
µν
µν ])*,[1()'( diG . 
It is easy to see that in the secondary quantization formalism operators ,*][ β
α
θ∂
∂
θ  are 
analogous to β
α
θ∂
∂
θ  used in [4, 5]. They correspond to matrices mixing αθ  and βθ , as well 
αθ∂
∂
 and βθ∂
∂
. From these operators it is possible to construct matrices corresponding to spatial 
rotations. 
Boosts should mix the "big" and "small" components of the spinor, and therefore they 
must mix αθ∂
∂
 and τθ . These are the operator ,*][ τα θ∂
∂
θ∂
∂
 that transforms τθ  to αθ∂
∂
 and αθ  to 
τθ∂
∂
− , and the operator ,*][ ταθθ  that transforms αθ∂
∂
 to τθ−  and τθ∂
∂
 to αθ . 
So far we have considered Grassmann variables αθ  and their derivatives αθ∂
∂
 as global 
quantities that do not depend on coordinates and impulses. With this interpretation, a problem 
arises, since the standard commutation relations for the creation and annihilation operators 
         
0)}'(),({)}'(),({)}'(),({)}'(),({
),'()}'(),({
),'()}'(),({
3
3
====
−δδ=
−δδ=
+
τ
+
ατ
+
α
+
τατα
τ
ρ
+
ρτ
α
β
+
βα
pdpbpdpbpdpbpdpb
pppdpd
pppbpb
          (3) 
contain a three-dimensional delta function )'()'()'()'( 332211
3 pppppppp −δ−δ−δ=−δ , but the 
anticommutator of Grassmann variables and derivatives with respect to them does not allow us 
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to obtain delta functions. Therefore, we introduce in the momentum space Grassmann variables 
)( paθ  that depend on the impulse, and local derivatives with respect to them 
)( pbθ∂
∂
, which 
satisfy conditions 
)'()}'(,
)(
{ 3 ppp
p
a
b
a
b
−δδ=θ
θ∂
∂
, 
0)}'(),({}
)'(
,
)(
{ =θθ=
θ∂
∂
θ∂
∂
pp
pp
ba
ba
. 
They can be regarded as densities in impulse space. Consider the operator 
,*]
)(
)([,*][ 3
p
pmpdM
b
ab
a θ∂
∂
θ= ∫ . 
When it acts on an element of the algebra of spinors  
)()(3 pppd cc θχ=χ ∫ , 
where )( pcχ  are numerical coefficients, we obtain 
)()()()(,*][ 33 ppmpdpppdM ab
b
a
c
c θχ=θχ ∫∫ , 
but when we act on an element  
)(
)(3
p
ppd
a
a
θ∂
∂
ϕ=ϕ ∫ , 
where )( paϕ  are numerical coefficients, we obtain 
)(
)()(,*][ 3
p
pmppdM
b
b
a
a
θ∂
∂
ϕ−=ϕ ∫ . 
Similarly, )( paθ  and 
)( pbθ∂
∂
 are mixing by operators 
),*]()([)(,*][ 3 pppapdA baab θθ= ∫  
and  
,*]
)()(
)[(,*][ 3
pp
pbpdB
ab
ab
θ∂
∂
θ∂
∂
= ∫ . 
We denote the matrix column-spinor, in which the upper element is 1, and the remaining 
elements are equal to zero, as 1u , a column in which 1 element is on the second line, and the 
remaining 0 as 2u , etc. We will make a mapping of the matrix spinor-columns 4,3,2,1, =kuk  to 
the operators )( pαθ  and 
)( pαθ∂
∂
 corresponding to the given spatial impulse p : 
).(),(,
)(
,
)(
4
4
3
32211
pupu
p
u
p
u θ≅θ≅
θ∂
∂
≅
θ∂
∂
≅  
This is some simplification, since it is necessary to consider the sum of the operators 
corresponding to all impulses. But the transformations of the elements corresponding to different 
impulses occur independently, so this simplification is very convenient. 
A mapping is obtained between the operators ,*][M , ,*][A , ,*][B  and the elements of the 
matrix space generated by Dirac gamma matrices. Each such operator can be associated with the 
same matrix, regardless of the impulse values corresponding to the spinor elements to which this 
operator acts. 
The Hermitian conjugation is analogous to the Hermitian conjugation of superalgebraic 
spinors, described by the author in [4,5]: when conjugated, the numerical factors are replaced by 
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complex conjugates, )( paθ are replaced by 
)( paθ∂
∂
, and 
)( paθ∂
∂
 are replaced by )( paθ . In this 
way  
)(
))((
p
p
a
a
θ∂
∂
=θ + , 
)()
)(
( p
p
a
a
θ=
θ∂
∂ + . 
It is obvious that 
)'(}
)(
),'({}))((),'({ 3 pp
p
ppp abb
aba −δδ=
θ∂
∂
θ=θθ + . 
Thus, if there are spinors  
)'()'(
)'(
)'()'( pp
p
pp τταα θψ+θ∂
∂
ψ=Ψ  
and  
)()(
)(
)()( pp
p
pp ρρββ θϕ+θ∂
∂
ϕ=Φ , 
then  
)'(
)'()'()'()'(
**
p
pppp ττ
α
α
+
θ∂
∂
ψ+θψ=Ψ , 
and 
).'())()()()(()}(),'({ 3
**
pppppppp −δϕψ+ϕψ=ΦΨ τταα
+                                  (4) 
It follows from (4) that for spinors with a given impulse value one can define a scalar 
product 
)}(),'({))(),'(( pppp ΦΨ=ΦΨ + .                                                        (5) 
This allows us to define an orthogonal basis in which the independent generators are 
orthogonal. In this case, the independent operators of spinor fields must be orthogonal. In 
accordance with (5), if )'( pΨ  and )( pΦ  are independent, then )'( p+Ψ  and )( pΦ  must 
anticommute. 
The presence of the mapping of matrix elements to superalgebraic operators allows us to 
introduce operators ηγˆ , 5,3,2,1,0=η , corresponding to the Dirac matrices ηγ  (in the Dirac 
representation) by the following formulas: 
    )
)(
)(
)(
)(
)(
)(
)(
)((~
4
4
3
3
2
2
1
130
p
p
p
p
p
p
p
ppd
θ∂
∂
θ−
θ∂
∂
θ−
θ∂
∂
θ−
θ∂
∂
θ−=γ ∫ ,        (6) 
    ))()()()(
)()()()(
(~ 1423
4132
31 pppp
pppp
pd θθ−θθ−
θ∂
∂
θ∂
∂
+
θ∂
∂
θ∂
∂
=γ ∫ ,           (7) 
    ))()()()(
)()()()(
(~ 1423
4132
32 pppp
pppp
pdi θθ−θθ+
θ∂
∂
θ∂
∂
−
θ∂
∂
θ∂
∂
=γ ∫ ,         (8) 
    ))()()()(
)()()()(
(~ 2413
4231
33 pppp
pppp
pd θθ+θθ−
θ∂
∂
θ∂
∂
−
θ∂
∂
θ∂
∂
=γ ∫ ,           (9) 
    ))()()()(
)()()()(
(~ 2413
4231
35 pppp
pppp
pd θθ+θθ+
θ∂
∂
θ∂
∂
+
θ∂
∂
θ∂
∂
=γ ∫ ,           (10) 
,*]~[ˆ ηη γ=γ .                                                                                                              (11) 
Operators ηγˆ  convert basis elements )(),(,
)(
,
)(
43
21
pp
pp
θθ
θ∂
∂
θ∂
∂
 and their linear 
combinations in the same way as the Dirac matrices ηγ  convert the columns ku  and their linear 
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combinations. Moreover, a linear combination of products of an arbitrary number of operators 
ηγˆ  corresponds to a matrix from the corresponding linear combination of products of matrices 
ηγ . 
The situation is completely analogous to the generators of the Lorentz transformations. In 
the matrix form they are given by formulas 
],[
2
νµµν γγ=σ
i
,    





τ
τ
=σ
0
00
k
k
k i ,      





τ
τ
=σ
m
m
kl
0
0
,                       (12) 
where 5,3,2,1,0, =νµ , kτ  are the Pauli matrices, and the indices mlk ,,  are cyclic permutation 
of 1, 2, 3. Similarly to (6)-(10), we can define µνσ~  by the mapping of the matrix elements (12) to 
operators: 
))()()()(
)()()()(
(~ 1423
4132
301 pppp
pppp
pdi θθ+θθ+
θ∂
∂
θ∂
∂
+
θ∂
∂
θ∂
∂
=σ ∫ , 
and so on. The operators µνσ~  satisfy equality 
]~,~[
2
~ νµµν γγ=σ
i
. 
We define the operators that are generators of the Lorentz transformations  
)ˆˆˆˆ(
2
ˆ µννµµν γγ−γγ=σ
i
. 
It is easy to verify that  
                ,*]~[ˆ µνµν σ=σ .                                                                                 (13) 
Thus, operators µνσˆ  can match matrices in exactly the same way as we matched µγˆ  the 
matrix operators µγ . 
For an infinitesimal Lorentz transformation with generator µν
µν ωσ= ddG ~
4
1
, for the 
product of  the spinor operators mΨΨΨ ...21  it follows from equation (1) that 
]),[])...(,[])(,[('...'' 221121 mmm dGidGidGi Ψ+ΨΨ+ΨΨ+Ψ=ΨΨΨ .           (14) 
In accordance with (13), the operators µνσ~  generate the Lorentz transformation 
generators µνσˆ , and each of the spinor operators in (14) is transformed as follows: 
  kk d
i
Ψωσ+=Ψ µν
µν )ˆ
4
1(' .                                                                 (15) 
Spinors kΨ  are a linear combination of )(),(,
)(
,
)(
43
21
pp
pp
θθ
θ∂
∂
θ∂
∂
, and by 
construction the action of operators µνσˆ  on them corresponds to the action of matrices µνσ  on a 
column. Wherein 
 kki Ψ=Ψσ
201)ˆ(  ,                                                                              (16) 
kk
rli Ψ−=Ψσ 2)ˆ( .                                                                             (17) 
Integrating (15) with allowance for (16), we find that a boost on a finite angle 01ω−=ϕ  in 
the plane 10 ,γγ  corresponds a transformation kk shich Ψ
ϕ
σ−
ϕ
=Ψ )
2
ˆ
2
(' 01 . 
Similarly, from (15) and (17) it follows that for spatial rotation by an angle α  in the 
plane lr γγ ,  we obtain k
rl
k i Ψ
α
σ−
α
=Ψ )
2
sinˆ
2
(cos' . 
The operator carrying out a boost in the plane 10 ,γγ  can be written in the form 
2/,*]~,*][~[2/ˆˆ 1010ˆ ϕγγϕγγ == eeT . 
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As a result of the transformation we get 
        Ψ=Ψ ϕγγ 2/ˆˆ
10
' e .                                                                                (18) 
Similarly for spatial rotation 
Ψ=Ψ αγγ 2/ˆˆ'
lr
e . 
The Hermitian conjugation of matrices is given by the scalar product (5), but in the 
general case for arbitrary impulses it is necessary to consider the anticommutator of the 
++ Ψ=Ψ ∫ ))'('()'( 3 ppdx  and )()( 3 ppdx Φ=Φ ∫ , that is, to specify the scalar product of the 
spinor operators in the form 
})(),'({))(),'(( xxxx ΦΨ=ΦΨ + .                                                                        (19) 
By the definition of a Hermitian adjoint operator 
))(),'()ˆ(())(ˆ),'(( xxxx ΦΨγ=ΦγΨ +µµ                                                              (20) 
for arbitrary )'(xΨ  and )(xΦ . Therefore, to find +µγ )ˆ(  it is necessary to find an operator A  
such that ))(ˆ),'(())(),'(( xxxxA ΦγΨ=ΦΨ µ  for any admissible )'(xΨ  and )(xΦ . We will 
consider the expansion )(xΦ  and )'(xΨ  with respect to impulses in the form 
∫∫
µ
µ
µ
µ τ
τ
−
αα θϕ+θ∂
∂
ϕ=Φ=Φ ))()(
)(
)(()()( 33
xipxip
eppe
p
ppdppdx ,               (21) 
∫∫
µ
µ
µ
µ τ
τ
−
αα θψ+θ∂
∂
ψ=Ψ=Ψ ))'()'(
)'(
)'((')'(')'(
''''33 xipxip eppe
p
ppdppdx . 
Consider the action of 0γˆ  on these spinors: 
∫
µ
µ
µ
µ τ
τ
−
αα θϕ−θ∂
∂
ϕ=Φγ ))()(
)(
)(()(ˆ 30
xipxip
eppe
p
ppdx ,                         (22) 
∫
µ
µ
µ
µ τ
τ
−
αα θψ−θ∂
∂
ψ=Ψγ ))'()'(
)'(
)'((')'(ˆ
''''30 xipxip eppe
p
ppdx . 
Hermitian adjoint to )'(xΨ  and )'(ˆ 0 xΨγ  spinors: 
∫
µ
µ
µ
µ −
ττ
α
α
+
θ∂
∂
ψ+θψ=Ψ )
)'(
)'()'()'((')'(
''*''*3 xipxip e
p
pepppdx ,                            (23) 
∫
µ
µ
µ
µ −
ττ
α
α
+
θ∂
∂
ψ−θψ=Ψγ ))
)'(
)'()'()'(('))'(ˆ(
''*''*30 xipxip e
p
pepppdx .                    (24) 
From the definition (19), and also relations (23) and (22) it follows that 
∫
µµ
µ
µµ
µ −−
ττ
−
αα
+
ϕψ−ϕψ=
=ΦγΨ=ΦγΨ
).)()()()((
)}(ˆ),'({))(ˆ),'((
)'(*)'(*3
00
xxipxxip
eppepppd
xxxx
 
Similarly, it follows from (19), (24) and (21) that 
∫
µµ
µ
µµ
µ −−
ττ
−
αα
+
ϕψ−ϕψ=
=ΦΨγ=ΦΨγ
).)()()()((
)}(,))'(ˆ{())(),'(ˆ(
)'(*)'(*3
00
xxipxxip
eppepppd
xxxx
 
In this way, ))(),'(ˆ())(ˆ),'(( 00 xxxx ΦΨγ=ΦγΨ ,  therefore, from the definition (20) we 
obtain that  
          00 ˆ)ˆ( γ=γ + .                                                                                                    (25) 
Similarly we obtain  
          3,2,1,ˆ)ˆ( =γ−=γ + kkk ,                                                                                 (26) 
            
55 ˆ)ˆ( γ=γ + .                                                                                                    (27) 
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For µγ~  and for the spinor operator )(xΨ , the operation of a Hermitian conjugation is 
given in the same way as for elements of the algebra of ordinary superalgebraic spinors [4,5]. 
The Hermitian conjugating relation µµµ γΨ−Ψγ=Ψγ ~~ˆ , we obtain 
++µ++µ+µ++µ Ψγ−=Ψγ−γΨ=Ψγ ,*])~[()~()~()ˆ( . 
Hermitian conjugating (6)-(10) we find that  
5500 ~)~(;3,2,1,~)~(;~)~( γ=γ=γ−=γγ=γ +++ kkk . 
Therefore  
++ γ=γ=γ=γ )ˆ(ˆ,*]~[,*])~[( 0000 , 
++ γ=γ−=γ−=γ )ˆ(ˆ,*]~[,*])~[( kkkk , 
and  
++ γ=γ=γ=γ )ˆ(ˆ,*]~[,*])~[( 5555 . 
That is  
+µ+µ+µ γ=γ=γ )ˆ(,*]~[,*])~[( , 
whereby 
                     ++µ+µ Ψγ−=Ψγ )ˆ()ˆ( .                                                                (28) 
So that 
                    ++ν+µ+ν+µ+νµ Ψγγ=Ψγγ−=Ψγγ ˆˆ)ˆ(ˆ)ˆˆ( .                                      (29) 
It follows from (29) and (27) that  
                    +++++ Ψγγ=Ψγγ=Ψγγ lklklk ˆˆˆˆ)ˆˆ( ,                                               (30) 
                    +++++ Ψγγ−=Ψγγ=Ψγγ kkk ˆˆˆˆ)ˆˆ( 000 ,                                           (31) 
where 3,2,1, =lk . 
The relations (25)-(27) are completely analogous to the matrix, but (28)-(31) essentially 
differs from the usual matrix rules of Hermitian conjugation. This is due to the fact that in this 
approach there are no right-to-left operators, and all operators operate from left to right. 
The Dirac equation in the superalgebraic representation of the second quantization is written in 
the form 
                     Ψ=Ψ∂γ µ
µ miˆ .                                                                       (32) 
It is easy to show that in the Dirac adjoint spinor ++ Ψγ−=Ψγ=Ψ 00 ˆ)ˆ(  satisfies the 
analogous equation: 
                     Ψ=Ψ∂γ µ
µ miˆ .                                                                       (33) 
It must be taken into account that in the superalgebraic representation the repeated Dirac 
conjugation changes sign before the spinor: Ψ−=Ψ . 
Solutions (32) and (33) can be written in the form 
 ),)()(( 
)2(
),(
3
3
µ
µ
µ
µ
ττ
−
αα λ+λ
π
=Ψ ∫
xipxip
epdepb
pd
xt                              (34) 
),)()(( 
)2(
),( **
3
3
µ
µ
µ
µ
αα
−
ττ λ+λ−
π
=Ψ ∫
xipxip
epbepd
pd
xt  
where αλ  and  τλ  are constants (possibly depending on p ), the annihilation operators )( pbα  
and )( pdτ  are obtained by Lorentz rotations of 
)0(αθ∂
∂
 and 
)0(τθ∂
∂
, the creation operators 
)( pbα  and )( pdτ  are Lorentz rotations of )0(
αθ  and )0(τθ . In (34), instead of the notation 
)( pd
+
τ  used in the matrix theory and, in particular, in (3), we use )( pdτ , since )( pbα  and 
)( pbα  under the Lorentz transformations are transformed covariantly, while from (18) and (31) 
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it follows that )( pb
+
α  transforms noncovariantly, and therefore can not be an operator acting on 
spinors. The same applies to )( pd
+
τ . 
We divide the impulse space into infinitesimal volumes jp
3∆ . We denote 
∫
∆
αα ∆
=
jpj
j pbpd
p
pB
3
)(
1
)( 3
3
,                                                                     (35) 
∫
∆
ττ ∆
=
jp
j
j pdpd
p
pD
3
)(
1
)( 3
3
,                                                                     (36) 
The factor 
jp
3
1
∆
 is necessary for the )( jpBα  and )( jpDτ  to be transformed covariantly. 
It follows from (35)-(36) that )( jpBα  under Lorentz transformations it is transformed in the 
same way as )( pbα , and )( jpDτ   in the same way as )( pdτ . 
Consider an anticommutator of the )( jpBβ  with )( kpBα : 
β
α
∆
αβ
∆
αβ δδ∆
=
∆
= ∫∫ kj
jppj
kj
p
pbpbpdpd
p
pBpB
kj
3
33
23
1
})'(),({'
)(
1
)}(),({
33
    (37) 
(there is no summation over j). Similarly, 
      ρττρ δδ∆
= kj
j
kj
p
pDpD
3
1
)}(),({ .                                                                    (38) 
By virtue of (35) and the anticommutativity of )( pbα  and )'( pbα , and also of )( pbα  and 
)'( pbα  
     0))(())(())(( 222 === α
+
αα jjj pBpBpB .                                                    (39)  
Similarly we obtain   
     0))(())(())(( 222 === τ
+
ττ jjj pDpDpD .                                                   (40)  
Relations (37)-(40) show the realization of the transition from the continuous densities of 
the Grassmann variables )( pbα , )( pdτ , )( pbα  and )( pdτ  to discrete Grassmann variables 
)( jpBα , )( jpDτ  and )( jpBα , )( jpDτ . In this case, the integrals are replaced by sums over 
discrete values of the impulse, and for the anticommutator of the conjugate quantities related to 
the same volume jp
3∆ , the delta function is replaced by a large but finite value 
jp
3
1
∆
, and zero 
for those belonging to different volumes. 
Consider the spinor )( 11 pb  obtained from )0(1b  by the boost (18), and the associated with 
it operator )( 11 pb : 
.
)(2
)(
2
)(
),(
2)(2
)(
1
41
1
11
1
4
1
111
p
shpchpb
psh
p
chpb
θ∂
∂ϕ
−θ
ϕ
=
θ
ϕ
+
θ∂
∂ϕ
=
 
Wherein  
)'()}'(),({ 111111 pppbpb −δ= . 
Since the direction 1p  is arbitrary, these relations are valid for any spatial impulses. 
Similarly, 
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β
α
∆
αβ
∆
αβ δδ∆
=
∆
= ∫∫ kj
jppj
kj
p
pbpbpdpd
p
pBpB
kj
3
33
23
1
})'(),({'
)(
1
)}(),({
33
. 
Operator )0()0( >α<>α< bb  (summation over indices enclosed in triangular brackets, is not 
present) under Lorentz rotations transferring the spinors )0(αb  into )( pbα  goes into 
)()( pbpb >α<>α< . Likewise, )0()0( >α<>α< BB  goes into )()( jj pBpB >α<>α< . 
Operators )(3 jj pBp α∆ , )(
3
jj pDp τ∆ , )(
3
jj pBp α∆  and )(
3
jj pDp τ∆  play the role 
of fermionic variables, from which, by analogy with the theory of algebraic spinors [6], a 
fermionic vacuum can be constructed. Let 
)()( 33 jjjjjB pBppBp αα ∆∆=Ψ α , 
)()( 33 jjjjjD pDppDp ττ ∆∆=Ψ τ , 
jDjDjBjBV j 4321
ΨΨΨΨ=Ψ . 
So that 
jj VV
Ψ=Ψ 2)( , and the operators 
jV
Ψ can also be regarded as local fermionic 
vacuum in impulse space. We define the fermionic vacuum operator as 
∏Ψ=Ψ
j
VV j
, 
where the product goes over all physically possible values of j. Obviously, VΨ  is an idempotent, 
but its Hermitian conjugation gives a vacuum that differs from VΨ , although equivalent to it. 
We define the operators of the number of particles 
),*].()([),*]()([)(ˆ
),*]()([),*]()([)(ˆ
jjjjj
jjjjj
pDpDpDpDpN
pBpBpBpBpN
>τ<>τ<>τ<>τ<τ
>α<>α<>α<>α<α
−==
−==
 
Their effect on the vacuum, by virtue of (39) and (40), gives zero, and on the one-particle 
state 
Vj
k
jVkjjjVkjj pBpBpBpBppBppN Ψδδ=Ψ∆=Ψ∆ >α<
β
αβ>α<>α<βα )()](),()([)()(
ˆ 33 . 
That is, the operator jj ppN
3)(ˆ ∆α  corresponds to the operator of number of particles in 
the volume jp
3∆ . 
The energy-impulse operator can be written in the form 
.)(ˆ),*](ˆ)(ˆ)(ˆ)(ˆ[)(ˆ 4321
3 ∑∑ µµµ =+++∆=
j
j
j
jjjjjj pPpNpNpNpNpppP  
In a similar way, we can write the substitution in (6)-(11) of integrals by a sum: 
∑ µµ γ=γ
j
jp )(ˆˆ . 
The action of the operator µ
µγ Pˆˆ  on VΨΨ  for a spinor Ψ  with given energy-impulse 
Ψ=Ψ µµ pPˆ  raises a problem, since 
)ˆ()ˆ()ˆ(ˆˆˆ VVVVVV pmpppP ΨγΨ+ΨΨ=ΨγΨ+ΨΨγ=ΨΨγ=ΨΨγ µ
µ
µ
µ
µ
µ
µ
µ
µ
µ , 
and wherein 0ˆ ≠Ψγ µ
µ
Vp . That is, the Dirac equation for the state vector is not satisfied. 
However, if we replace operators by discrete operators, the action of the operator 
)()(ˆ j
j
j ppp µ
µ∑ γ  on vacuum gives zero: 
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,0)]0(
)0(
)0(
)0(
)0(
)0(
)0(
)0(
,)0(~[
))()()()()()()()()()(ˆ(
))()(ˆ()()(ˆ)()(ˆ
4
4
3
3
2
2
1
1
0
44332211
=Ψθ
θ∂
∂
θ
θ∂
∂
θ
θ∂
∂
θ
θ∂
∂
γ=
=Ψγ=
=ΨΨγ=Ψγ=Ψγ
∏∑
∏∑
∏∑∏∑∑
≠
−
≠
µ
µ
≠
µ
µ
µ
µ
µ
µ
jk
V
iG
j
iG
jk
Vjjjjjjjj
j
jj
jk
VVj
j
j
k
Vj
j
jVj
j
j
k
jj
k
kjk
eme
pDpDpDpDpBpBpBpBppp
ppppppppp
     (41) 
where the impulse jp  is obtained from the state of rest by a transformation of the form (2), and 
m0γˆ  then goes over into µ
µγ pˆ .  
Therefore, we obtain 
,)()(ˆ)(ˆ)(ˆ VVj
j
jVVj
j
j mpppmpPp ΨΨ=ΨγΨ+ΨΨ=ΨΨγ µ
µ
µ
µ ∑∑  
that is, the Dirac equation is satisfied. It is important to note that the fulfillment of (41) is due to 
the fact that )0(ˆ 0γ  annihilates the local vacuum 
0V
Ψ  corresponding to the state of rest: 
)0(
)0(
)0(
)0(
)0(
)0(
)0(
)0(
4
4
3
3
2
2
1
10
θ
θ∂
∂
θ
θ∂
∂
θ
θ∂
∂
θ
θ∂
∂
=ΨV , 
0]),0(
)0(
)0(
)0(
)0(
)0(
)0(
)0(
[)0(ˆ
00
4
4
3
3
2
2
1
1
0 =Ψθ
θ∂
∂
+θ
θ∂
∂
+θ
θ∂
∂
+θ
θ∂
∂
−=Ψγ VV . 
At the same time 0)0(ˆ
0
≠Ψγ V
k  and 0)0(ˆ
0
5 ≠Ψγ V . Therefore, the Dirac equation can be 
satisfied only in the case when 0γˆ  has the signature +1 and corresponds to the time axis. 
Operators kiγˆ  and 5γˆ  which has the signature +1 can not correspond to the time axis, since they 
do not annihilate the local vacuum 
0V
Ψ , and therefore three operators kγˆ  (or two of them and 
5γˆi ) must correspond to the spatial axes, and 5γˆi  (or the third of the operators kγˆ ) correspond to 
the Clifford 4-volume element.  
In the Clifford algebra, gamma matrices of the same signature are equivalent, however 
the presence of a spinor vacuum leads to a distinction of the representation in which the gamma 
matrix 0γ  corresponding to the operator 0γˆ  is diagonal. 
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